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Θ[i,j] =
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-
-
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· · · cos(θ[i,j]) · · · − sin(θ[i,j])e−jψ[i,j] · · ·
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· · · sin(θ[i,j])ejψ[i,j] · · · cos(θ[i,j]) · · ·
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η,µ=1
Θηk[i,j]∗Θµk[i,j]Mηµ(b,β)
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η,µ=1
Θηk∗[i,j]Θµk[i,j]Nηµ(b,β)
∣∣∣∣∣∣
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•  j ≤ N    ∑b,β (Mii(b,β) + Mjj(b,β))
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 j > N    ∑b,β Mii(b,β)-
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Θ =
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cos θ − sin θe−jψ
sin θejψ cos θ
]
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  M(k) 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M(k) =
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M ii(k) M ij(k)
M ji(k) M jj(k)
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 M(k)  M(k)1
M ′(k) =
[
M ′ii(k) M
′
ij(k)
M ′ji(k) M
′
jj(k)
]
,  !-DE"
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M ′ii(k) = cos
2 θkMii(k) + cos θk sin θk(Mji(k)e−jψk + Mij(k)ejψk)
+ sin2 θkMjj(k)  !-D'"
M ′ij(k) = − cos θk sin θke−jψkMii(k)− sin2 θke−2jψkMji(k)
+ cos2 θkMij(k) + cos θk sin θke−jψkMjj(k)  !-D)"
M ′ji(k) = − cos θk sin θkejψkMii(k)− sin2 θke2jψkMij(k)
+ cos θk sin θkejψkMjj(k) + cos2 θkMji(k)  !-DH"
M ′jj(k) = − cos θk(sin θke−jψkMji(k) + sin θkejψkMij(k))
+ sin2 θkMii(k) + cos2 θkMjj(k)  !-DG"
:
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|M ′ii(k)|2 = cos4 θk|Mii(k)|2 + sin4 θk|Mjj(k)|2 + cos3 θk sin θkΛ1,k
+cos θk sin3 θkΛ2,k + cos2 θk sin2 θk(Λ3,k + Λ4,k),  !-E("
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 N 
 Λi,k,i ∈ {1, . . . ,4},∀k ∈ K
Λ1,k = 2{(Mij(k)M∗ii(k) + M∗ji(k)Mii(k))︸ ︷︷ ︸
α1,k
ejψk},  !-E "
Λ2,k = 2{(Mij(k)M∗jj(k) + M∗ji(k)Mjj(k))︸ ︷︷ ︸
α2,k
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Λ3,k = 2{Mii(k)M∗jj(k)}+ |Mij(k)|2 + |Mji(k)|2,  !-E!"
Λ4,k = 2{M∗ji(k)Mij(k)︸ ︷︷ ︸
γk
e2jψk}.  !-ED"
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∑
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 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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1
J 22 |j≤N =
∑
k∈K
(
(cos4 θk + sin4 θk)Λ5,k + cos3 θk sin θk(Λ1,k − Λ2,k)
+ cos2 θk sin2 θk(2Λ3,k + 2Λ4,k) + cos θk sin3 θk(Λ2,k − Λ1,k)
)
 !-E)"
  N
Λ5,k = |Mii(k)|2 + |Mjj(k)|2.  !-EH"
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J 22 |j≤N =
∑
k∈K
(
(cos4 θk + sin4 θk)Λ5,k + 2 cos3 θk sin θk{αkejψk}
−2 cos θk sin3 θk{αkejψk}+ 2 cos2 θk sin2 θk(Λ3,k + 2{γke2jψk})
)
 !-EG"
 αk = α1,k − α2,k- * 
 	   	  
 ψ- 8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J 22 |j≤N =
∑
k∈K
(
Λ5,k
(
cos2 2θk + 0.5 sin2 2θk
)
+ cos 2θk sin 2θk ({αk} cosψk
−{αk} sinψk) + sin2 2θk (0.5Λ3,k + {γk} cos 2ψk −{γk} sin 2ψ)
)
 !-'("
   	  
  !-'("     
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  J 22 |j≤N 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1
J 22 |j≤N =
∑
k∈K
(
Λ5,k
(
cos2 2θk + 0.5 sin2 2θk
)
+ cos 2θk sin 2θk ({αk} cosψk
−{αk} sinψk) + sin2 2θk
(
0.5Λ3,k(cos2 ψk + sin2 ψk)
+{γk}(cos2 ψk − sin2 ψk)−{γk}(2 cosψk sinψk)
))
 !-' "
 
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 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  !-' " 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1
J 22 |j≤N =
∑
k∈K
(Λ5,k)︸ ︷︷ ︸
B11,k
cos2 2θk +
∑
k∈K
({αk})︸ ︷︷ ︸
2B12,k
cos 2θk sin 2θk cosψk
−
∑
k∈K
({αk})︸ ︷︷ ︸
−2B13,k
cos 2θk sin 2θk sinψk
+
∑
k∈K
(
Λ5,k + Λ3,k
2
+ {γk}
)
︸ ︷︷ ︸
B22,k
sin2 2θk cos2 ψk
+2
∑
k∈K
({γk})︸ ︷︷ ︸
B23,k
sin2 2θk cosψk sinψk
+
∑
k∈K
(
Λ5,k + Λ3,k
2
−{γk}
)
︸ ︷︷ ︸
B33,k
sin2 2θk sin2 ψk  !-'>"
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 J 22 |j≤N 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1
vk
TJkvk  !-'!"

vk =
⎡
⎣ cos 2θksin 2θk cosψk
sin 2θk sinψk
⎤
⎦
 !-'D"
Jk =
⎡
⎣ J11,k J12,k J13,kJ12,k J22,k J23,k
J13,k J23,k J33,k
⎤
⎦
 !-'E"
  N    Jk
J11,k = Λ5,k  !-''"
J12,k = {αk}/2  !-')"
J13,k = −{αk}/2  !-'H"
J23,k = −{γk}  !-'G"
J22,k =
Λ5,k
2
+
Λ3,k
2
+ {γk}  !-)("
J33,k =
Λ5,k
2
+
Λ3,k
2
−{γk}.  !-) "
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    		  vk,λ=λmax" 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
,  	   		  λmax"    Jk-   		 vk,λ=λmax =
[v1,v2,v3]  	      θk  ψk    
 !-'>"- *  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 T  1
cos 2θk = v1/r,
sin 2θk cosψk = v2/r,
sin 2θk sinψk = v3/r
⇒
cos θk =
√
v1+r
2r =
√
v1+1
2
sin θk =
v2/r+jv3/r√
2r(v1+r)
= v2+jv32 cos θ
tanψk = v3v2
 r     v   r =
√
v21 + v
2
2 + v
2
3 = 1-
	 j > N
:   B  j  	
 , N  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J 22 |j>N =
∑
k∈K
|M ′ii(k)|2.  !-)>"
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J 22 |j>N =
∑
k∈K
(
cos4 θk|Mii(k)|2 + sin4 θk|Mjj(k)|2 + cos3 θk sin θkΛ1,k
+cos θk sin3 θkΛ2,k + cos2 θk sin2 θk(Λ3,k + Λ4,k)
)
,  !-)!"
B  N Λi,i ∈ {1, . . . ,4}  
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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  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 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 θk  ψk- + 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1
J 22 |j>N =
∑
k∈K
(
cos4 θk|Mii(k)|2 + sin4 θk|Mjj(k)|2
+2 cos3 θk sin θk({α1,k} cosψk −{α1,k} sinψk)
+2 cos θk sin3 θk({α2,k} cosψk −{α2,k} sinψk)
+2 cos2 θk sin2 θk({γk} cos 2ψk −{γk} sin 2ψk))
+ cos2 θk sin2 θkΛ3,k
)
,  !-)D"
8       z = tan θ    
cos θk =
1√
1 + tan2 θk
=
1√
1 + z2k
,  !-)E"
  
sin θk =
tan θk√
1 + tan2 θk
=
zk√
1 + z2k
.  !-)'"
& # 
    
  #
  #
  , 
  


" $-%
2(7( 
 % 
?
'!
 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 zk1
J 22 |j>N =
∑
k∈K
1
(1 + z2k)
2
(
|Mii(k)|2 + z4k|Mjj(k)|2
+2zk ({α1,k} cosψk −{α1,k} sinψk)
+2z3k ({α2,k} cosψk −{α2,k} sinψk)
+2z2k ({γk} cos 2ψk −{γk} sin 2ψk))
+z2kΛ3,k
)
,  !-))"
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   0 V    ψk  	 ψk = 2ωk   tk = tanωk-
*         1
cosψk =
1− t2k
1 + t2k
 !-)H"
sinψk =
2tk
1 + t2k
 !-)G"
cos 2ψk =
(1− t2k)2 − 4t2k
(1 + t2k)
2
 !-H("
sin 2ψk =
4tk − 4t3k
(1 + t2k)
2
 !-H "
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J 22 |j>N =
∑
k∈K
1
(1 + z2k)
2
(
|Mii(k)|2 + z4k|Mjj(k)|2
+
2zk
1 + t2k
({α1,k}(1− t2k)− 2{α1,k}tk)
+
2z3k
1 + t2k
({α2,k}(1− t2k)− 2{α2,k}tk)+ z2kΛ3,k
+
2z2k
(1 + t2k)
2
({γk}((1− t2k)2 − 4t2k)−{γk}(4tk − 4t3k)))  !-H>"
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1
P (z,t) =
∂J 22 |j>N
∂z
,  !-H!"
Q(z,t) =
∂J 22 |j>N
∂t
.  !-HD"
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
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•   z 	 	  P (z,t) 	  
  (1 +
z2)3(1 + t2)2    
  
  H  D  z  4  t"1
P (z,t) = z4P4(t) + z3P3(t) + z2P2(t) + zP1(t) + P0(t)  !-HE"
  	 Px(t),x ∈ {0, . . . ,4} 
    :-D   :-
•   t 4 Q(z,t)  	 	 (1 + z2)2(1 + t2)3 	 
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 
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Q(z,t)   
  '  >  z  D  t"1
Q(z,t) = z2Q2(t) + zQ1(t) + Q0(t)  !-H'"
  	 Qx(t),x ∈ {0, . . . ,2} 
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
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 '  
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 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   6× 6
1
W =
⎡
⎢⎢⎢⎢⎢⎢⎣
Q2(t) 0 0 0 P4(t) 0
Q1(t) Q2(t) 0 0 P3(t) P4(t)
Q0(t) Q1(t) Q2(t) 0 P2(t) P3(t)
0 Q0(t) Q1(t) Q2(t) P1(t) P2(t)
0 0 Q0(t) Q1(t) P0(t) P1(t)
0 0 0 Q0(t) 0 P0(t)
⎤
⎥⎥⎥⎥⎥⎥⎦ .  !-H)"
    	  t-    	<    ,  
   
     
1
det(W ) = 0  !-HH"
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   	 O′(k) =
ΘkTO(k)Θk B  	  O′(k) 1
O′ii(k) = cos
2 θkOii(k) + cos θk sin θkejψk(Oji(k) + Oij(k))
+ sin2 θke2jψkOjj(k),  !-HG"
O′ij(k) = cos
2 θkOij(k) + cos θk(sin θkejψkOjj(k)− sin θke−jψkOii(k))
− sin2 θkOji(k),  !-G("
O′ji(k) = cos
2 θkOji(k) + cos θk(sin θkejψkOii(k)− sin θke−jψkOii(k))
− sin2 θkOij(k),  !-G "
O′jj(k) = cos
2 θkOjj(k)− cos θk sin θke−jψk(Oji(k) + Oij(k))
+ sin2 θke−2jψkOii(k).  !-G>"
 
    O′ii(k) 
1
|O′ii(k)|2 = cos4 θk|Oii(k)|2 + sin4 θk|Ojj(k)|2 + cos3 θk sin θkΓ1,k
+cos θk sin3 θkΓ2,k + cos2 θk sin2 θk(Γ3,k + Γ4,k),  !-G!"
   O′jj(k)1
|O′jj(k)|2 = cos4 θk|Ojj(k)|2 + sin4 θk|Oii(k)|2 − cos3 θk sin θkΓ2,k
− cos θk sin3 θkΓ1,k + cos2 θk sin2 θk(Γ3,k + Γ4,k),  !-GD"
B  N Γi,k,i ∈ {1, . . . ,4},∀k ∈ K   1
Γ1,k = 2{O∗ii(k)(Oij(k) + Oji(k))︸ ︷︷ ︸
β1,k
ejψk},  !-GE"
Γ2,k = 2{Ojj(k)(O∗ij(k) + O∗ji(k))︸ ︷︷ ︸
β2,k
ejψk},  !-G'"
Γ3,k = 2{O∗ij(k)Oji(k)}+ |Oij(k)|2 + |Oji(k)|2,  !-G)"
Γ4,k = 2{O∗ii(k)Ojj(k)︸ ︷︷ ︸
δk
e2jψk},  !-GH"
Γ5,k = |Oii(k)|2 + |Ojj(k)|2.  !-GG"
+ 	       	 O′(k)  
 
   M ′(k)- 8    O′(k)  
 
  , 
O′(k) = O′(k)T,∀k ∈ K   	      M(k)-
+  

 	   
		 	     	  0

  
      
 	   J 22 -
''
$%& 
 2( 
 % &3
	 j ≤ N
   	 (θk,ψk)    
J 04 |j≤N =
∑
k∈K
|O′ii(k)|2 + |O′jj(k)|2.  !- (("
     		    Jk   !-'E"  
 N 1
J11,k = Γ5,k  !- ( "
J12,k = {βk}/2  !- (>"
J13,k = −{βk}/2  !- (!"
J23,k = −{δk}  !- (D"
J22,k =
Γ5,k + Γ3,k
2
+ {δk}  !- (E"
J33,k =
Γ5,k + Γ3,k
2
−{δk}.  !- ('"
B βk = β1,k − β2,k-
	 j > N
  1
J 04 |j>N =
∑
k∈K
|O′ii(k)|2.  !- ()"
+  
  
  
 	 
   
 
 

- 8      !-G!"   ,   !-E("   &
 
Λ3 ⇒ Γ3 ,  !- (H"
αi ⇒ βi, i ∈ {1,2},  !- (G"
γ ⇒ δ  !-  ("
, &"  &	/.
+  
  4.?: 	 
   	 K  
 " L    
" n     "  ρ   
" , 	   1
sˆ(n) =
K+L∑
m=0
G(m)s(n−m) + ρ
L−1∑
m=0
H(m)b(n−m)  !-   "
2(M( &

$  &3
')
B G   <     
"  b     
-  N
	      


 
    

  
-
+  	  
      J45 45&H  J$&
 '-    

 
	

 >E      	  
 


 
   
   	  	- *

 
  
   
 
   (((( "   


 	  	     <
  -
 < !-)   	  4.?: 	   45&H  	
     
 1 K = L = 3- +  
   D((  N 	 
 	 	  		  , 
 %7" 	
 , >(7    	        

-  " #

<   	  4.?:    	

- 4 D((        0.2 , 	   E7  %7-
5 10 15 20 25 30 35
10
−5
10
−4
10
−3
10
−2
10
−1
10
0
T
au
x 
d’
er
re
ur
 s
ym
bo
le
 (
%
)
Rapport Signal à Bruit (dB)
L=3, K=3
n=400
n=600
n=1000
5 10 15 20 25 30 35
0
0.2
0.4
0.6
0.8
1
1.2
D
is
ta
nc
e 
av
ec
 Λ
(z
)P
Rapport Signal à Bruit (dB)
L=3, K=3
n=400
n=600
n=1000
  !-) S  / "< -)  " # )  !# 5 / "  &N*DA
" #/ "  K = 3  "  "  L = 3(
+   
  4.?:   
 	 	    >((
-  
  	

 < !-H- +   
  
	  
1      	
 , 1% 	  %7 
>(7        0.2- 4   < N  	
 	 '((   (((  	  %7 	  >  >(7-
 < !-G  

    0 	  	

  
   
  

 
1 L = 4  K = 3- +   
	  
  	 	  	 D((    
   / 	  %7 
 , !E7-   	  

     0.2      0   
  H(( -
   & 	
 
'H
$%& 
 2( 
 % &3
2 4 6 8 10 12 14 16 18 20
10
−5
10
−4
10
−3
10
−2
10
−1
10
0
T
au
x 
d’
er
re
ur
 s
ym
bo
le
 (
%
)
Rapport Signal à Bruit (dB)
L=3, K=3
n=200
n=600
n=1000
2 4 6 8 10 12 14 16 18 20
0
0.2
0.4
0.6
0.8
1
1.2
1.4
1.6
1.8
2
D
is
ta
nc
e 
av
ec
 Λ
(z
)P
Rapport Signal à Bruit (dB)
L=3, K=3
n=200
n=600
n=1000
  !-H S  / "< -)  " # )  !# 5 / "  &N*DA
" #/ "  K = 3  "  "  L = 4(
5 10 15 20 25 30 35
10
−5
10
−4
10
−3
10
−2
10
−1
10
0
T
au
x 
d’
er
re
ur
 s
ym
bo
le
 (
%
)
Rapport Signal à Bruit (dB)
L=3, K=4
n=400
n=600
n=1000
5 10 15 20 25 30 35
0
0.2
0.4
0.6
0.8
1
1.2
1.4
D
is
ta
nc
e 
av
ec
 Λ
(z
)P
Rapport Signal à Bruit (dB)
L=3, K=4
n=400
n=600
n=1000
  !-G S  / "< -)  " # )  !# 5 / "  &N*DA
" #/ "  K = 3  "  "  L = 4(
       
  	 	 
- 
&
   4.?:     K ≤ L-  < !- ( 	&
  	          
  

  	 H(( - +     L < K    	&
 	 
   L ≥ K  	  	 
0-   	    K = L-
+   
  4.?:    
 J$& '-  <
!-      	      	 K = L = 3- I

      	   J$& '   
  	 - 8    N  '((  	
2(M( &

$  &3
'G
5 10 15 20 25 30 35
10
−5
10
−4
10
−3
10
−2
10
−1
10
0
T
au
x 
d’
er
re
ur
 s
ym
bo
le
 (
%
)
Rapport Signal à Bruit (dB)
n=800, L=3
L=2
L=3
L=4
5 10 15 20 25 30 35
0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1
D
is
ta
nc
e 
av
ec
 Λ
(z
)P
Rapport Signal à Bruit (dB)
n=800, L=3
L=2
L=3
L=4
  !- ( S  / "< -)  " # )  !# 5 / "  &N*
DA " )!  " DKK -)A " #/ "  K = 3  "  "
 L = 2,3,4(

  - 4  >((      	 	
     0.01%  	  %7  >'7    
  H((  	 >7    %7-     
	  (((   >(( -    	 '((  
  N
    
 	   ,  
-
5 10 15 20 25 30
10
−5
10
−4
10
−3
10
−2
10
−1
10
0
T
au
x 
d’
er
re
ur
 s
ym
bo
le
 (
%
)
Rapport Signal à Bruit (dB)
L=3, K=3
n=600
n=1000
n=1200
n=1800
5 10 15 20 25 30
0
0.2
0.4
0.6
0.8
1
1.2
1.4
D
is
ta
nc
e 
av
ec
 Λ
(z
)P
Rapport Signal à Bruit (dB)
L=3, K=3
n=600
n=1000
n=1200
n=1800
  !-   S  / "< -)  " # )  !# 5 / "  ?*'MA
" #/ "  K = 3  "  "  L = 3(
+ 	  T ,  < !- >     
   C
	 	    J$& '    45&H- 8  
L > K      	 	   	 
  0.6%  /, !E7  %7-       0.2- 
 
   	 K = L 	    0.02%  ,
)(
$%& 
 2( 
 % &3
!E7  !(     
   K + 1-
5 10 15 20 25 30 35
10
−5
10
−4
10
−3
10
−2
10
−1
10
0
T
au
x 
d’
er
re
ur
 s
ym
bo
le
 (
%
)
Rapport Signal à Bruit (dB)
n=800, L=3
K=2
K=3
K=4
5 10 15 20 25 30 35
0
0.2
0.4
0.6
0.8
1
D
is
ta
nc
e 
av
ec
 Λ
(z
)P
Rapport Signal à Bruit (dB)
n=800, L=3
K=2
K=3
K=4
  !- > S  / "< -)  " # )  !# 5 / "  ?*
'MA " )!  " DKK -)A " #/ "  K = 3  "  "
 L = 2,3,4(
+   
  4.?:    
  ! 
  
  J45 45&H  J$ '"-     
	          - + 

       
    K = L = 3
  
   D(( H((   >(( -  < !- ! 
 	-      	 	   > 
       >((    	
   0.8%  , 	  %7  >(7- *	   
  
  D((   N-   <   
  	
 ,         -
- "  ")
+     	   
  
  
& 	&	- /       /&
        - 4    


  	
   <    
 	&- A&
   
   	    
 
      
-       	&
  - *	  
 
 	 4.?:  &
  	&-   	
   	     
 0 	  4.?:   	    	&
 

-
2(C( $$  $%& 

) 
5 10 15 20 25 30 35
10
−4
10
−3
10
−2
10
−1
10
0
T
au
x 
d’
er
re
ur
 s
ym
bo
le
 (
%
)
Rapport Signal à Bruit (dB)
L=3, K=3
n=400
n=800
n=1200
5 10 15 20 25 30 35
1
1.5
2
2.5
D
is
ta
nc
e 
av
ec
 Λ
(z
)P
Rapport Signal à Bruit (dB)
L=3, K=3
n=400
n=800
n=1200
  !- ! S  / "< -) )  , 2 / " "  "4   
(      , K = 3  L = 3
)>
$%& 
 2( 
 % &3
)!
	
 
	  
* 	 	
   
  
    	&
  4A"   < 
- *      	 ! 
      	&    
  	
 	  ,  >- *	  4.?:  	 ! 
 
 &   	&- + 		  	  	
    
 	& <  
	  - 4  
	
   	 	   	&  
- 4  
 	  
  	    ,   
        - 4   	  
 	    -
$
 0" )*
+   0 	 & & &  "  	  4.?: 
	 !      
 & $$?  
  
 	 >G-
   	    	&  2 P)DQ 
&
     , N 	- *   		  
   F   	  
		   
  	 3#)
  4.?:-   	&  
  
 	 
		 1
			  //  H(z) ∈ C[z]N×N  =  
 .*  "  L ≥ 0  
" " " #
  λh(  . #    # .- H(z)   +
H(z) = A(z)QB(z)  D- "
       #
  
 #
 	#
 $&. 	 &&% $%
)D $%& 
 6( 
 % &
F A(z)  B(z)  " =  
 .*  " " " # .#  λa  
λb   , λa,λb ∈ [0,λh]A λa + λb = λhA  Q ∈ CN×N    #  (
&!(  N 
   	&  P!>Q ,   	
, N 	1
H(z) = QλhZ(z)Qλh−1 . . .Z(z)Q1Z(z)Q0  D->"
B   Qp ∈ CN×N   	  p ∈ P = [0,λh]   
 
$$  H(z) 
< λh ≥ L  Z(z) ∈ C[z]N×N   1
Z(z) =
[
IN−1 0
0 z−1
]
.  D-!"
    < A 
< 0 < λa ≤ λh − p  	1
A(z) = QλhZ(z) . . .Qp+1Z(z)  D-D"
    λb 
< 0 < λb ≤ p  1
B(z) = Z(z)Qp−1 . . .Z(z)Q0.  D-E"
: 	  λa = 0  	 λb = 0"  	 	   	
A(z)  	 B(z)" 	 IN -
 	   p ∈ P   	    < 	&  
 
$$ λh   H(z) = A(z)QpB(z) ♦
Q
w1
A(z)B(z)wN
x1
xN
y1
yN
sˆ1
sˆN
H(z)
  D-  S #   " < .* (
 < D-     	&  
 H(z) 	   
 w- ?     < 	& B(z)   x   
<  Qp   y     
 H      

sˆ-
$     "
:   >-E        D 	   
&
	     
	   

- +    0
6(2( 
     )E
    
  4.?:- *V 	 
<  
 D   w1
C2,w2 [j;ν] = Cum(wj1(n− ν1),w∗j2(n− ν2),wj3(n− ν3),w∗j4(n− ν4))  D-'"
B  

   j = [j1, . . . ,j4] 	     [1,N ] 
 

  ν  N+-
8 
		   
   
     < H(z) 
   
 sˆ     w1
sˆi(n) =
∑
q1,q2,q3,m,l
Aiq1(m)Qq1q2Bq2q3(l)wq3(n−m− l)  D-)"
=
∑
q1,q2,m
Aiq1(m)Qq1q2xq2(n−m),  D-H"
 {q1,q2,q3} ∈ [1,N ]  B  xq2     < B(z)  	  
 
xq2(n−m) =
∑
q3,l
Bq2q3(l)wq3(n−m− l).  D-G"
I 	     < Q    1
yq1(n−m) =
∑
q2,q3,l
Qq1q2Bq2q3(l)wq3(n−m− l).  D- ("
X 	     D-H"  	 	   &
  
<
>-E-! 	 D>"      x      sˆ1
C2,sˆ2 [i;o] =
∑
a
∑
τ
∑
q
Ai1q1(τ1)A
∗
i2q2(τ2)Ai3q3(τ3)A
∗
i4q4(τ4)Qq1a1Q
∗
q2a2Qq3a3Q
∗
q4a4C
2,x
2 [a; τ ]
 D-  "
 τ = [τ1, . . . ,τ4] q = [q1, . . . ,q4] a = [a1, . . . ,a4]  o = [0,0,0,0] B   	&
   i q  a 	     [1,N ]- * sˆ  
  < A(z)  τi 		 ,  [0,λa]-
I    
      w , 
    < B(z)1
C2,x2 [a; τ ] =
∑
ρ
∑
j
Ba1j1(ρ1)B
∗
a2j2(ρ2)Ba3j3(ρ3)B
∗
a4j4(ρ4)C
2,w
2 [j; τ + ρ]  D- >"
 ρ = [ρ1, . . . ,ρ4]  j = [j1, . . . ,j4] B  ρi 		 ,  [0,λb]-
$   1
+     		 D- -   	 )!"     Qp  
∀p ∈ P- + 	      F    	 !
)' $%& 
 6( 
 % &
<  	   - 8       N ×N
	 0 
   	  M = N(N − 1)/2   F P!) 	- > EQ-
* M  
    	   (i,j)  
1 ≤ i < j ≤ N - + Θ[i,j](θ,φ)      F     	
(i,j)    θ  φ    !-!'" 	 E'"- *   	   
	   
 <   
 H(z) 	& 	 
	
    	 	 " -
%  	  		 D- -     
 
 λh + 1
 - 4 	  < 	& 
< 	 diag(H(z)) = [−z−1, z−1]
 0  
 λh = deg[det(H(z))] = 2   Z(z) < 0 &

- 8  H(z) 	 0 
   V 1
H(z) = Q2.Z(z).Q1.Z(z).e
jπ
2
 D- !"

Q2 =
[
0 1
−1 0
]
 Q1 =
[
0 j
j 0
]
.  D- D"
  	    
(
θ2 = π2 ,φ2 = 0
)

(
θ1 = π2 ,φ1 =
π
2
)
- 	&
  ,   	     Λ(z)P     	
 
  >-!-> 	 ! -  L ≥ 1   	  	   	
   Λ(z)P - 8   		 D- -   	   	
  C1
Q =
[
1 0
0 −1
]
=
[
0 −1
1 0
]
·
[
0 1
1 0
]
.  D- E"
   D- "   	   	     
  A(z) = B(z) = I"-
$$ # )
   
 	  
	   	 0  ,  
 
<  P !Q- *&     	
  
	 
      
< 	

-  		
 	   	  1
			  / / $" " # !# " L 

" H A  = ±1A 
.  " # # , J .  " )!  w    / 
 #   B'2E+
J1,4(H,sˆ) = 
N∑
i=1
C2,sˆ2 [i,i,i,i;o]  D- '"
    	
 -
6(7( 
 %  
    @& 3$
))
F  #  "    sˆ  "= "<.> 86(''9+
C2,sˆ2 [i,i,i,i;o] =
∑
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∑
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 sˆ1
C2,sˆ2 [i,i,i,i;o] = K(0)(4) cos4 θ +K
(1)
(3) cos
3 θ sin θejφ +K(−1)(3) cos3 θ sin θe−jφ +K
(0)
(2) cos
2 θ sin2 θ
+K(2)(2) cos2 θ sin2 θe2jφ +K
(−2)
(2) cos
2 θ sin2 θe−2jφ +K(1)(1) cos θ sin3 θejφ
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(3)
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3 θe3jφ +K(−3)(1) cos θ sin3 θe−3jφ
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K(η)(α) cosα θ sin4−α θejηφ
=
∑
τ
Aiq1(τ1)A
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Qq1a1Q
∗
q2a2Qq3a3Q
∗
q4a4 ↔ cosα θ sin4−α θejηφ.
 *-  
       a  q 	  N K(η)(α)-
+  	  D- G" 
 	 	  	 β = η−α+42 1
C2,sˆ2 [i,i,i,i;o] =
4∑
α=0
⎛
⎝4−α∑
β=0
K(2β+α−4)(α) cosα θ sin4−α θej(2β+α−4)φ
⎞
⎠ .  D-> "
   ,      K(η)(α)      
	 	
- 4 
   
       
          N K(η)(α)   -
 	<    
   *->- FT ,  

    
 	    C2,sˆ2 [i,i,i,i;o]  
 	 N
4
 
 	<   
 (L + 1)4N8   
  D- )""   

 
   *->     ((L + 1)N)4 - 4
  
    
 	     
-      C2,x2 [a; τ ]   
  
   

   
 	 	 	   N4(L + 1)4 -
+    D- G"      t = tan φ2  u = tan θ 
  , 	  

 1 cosφ = 1−t
2
1+t2
 sinφ = 2t
1+t2
 cos θ = 1√
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Φ1(u,t)
def=
∂J1,4
∂u
Φ2(u,t)
def=
∂J1,4
∂t
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∑3
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ξ0(t) 0 0 0 χ0(t) 0 0
ξ1(t) ξ0(t) 0 0 χ1(t) χ0(t) 0
ξ2(t) ξ1(t) ξ0(t) 0 χ2(t) χ1(t) χ0(t)
ξ3(t) ξ2(t) ξ1(t) ξ0(t) χ3(t) χ2(t) χ1(t)
0 ξ3(t) ξ2(t) ξ1(t) χ4(t) χ3(t) χ2(t)
0 0 ξ3(t) ξ2(t) 0 χ4(t) χ3(t)
0 0 0 ξ3(t) 0 0 χ4(t)
∣∣∣∣∣∣∣∣∣∣∣∣∣∣
= 0.  D->D"
 	=    
  t56- *	   
   
 

 	 	   '  
- *&   	
 
   D- G" <  
    	    
      D- H"-
 4A  

 &1
 0+
# C2,w2 (j; τ + ρ)
	 M := N(N − 1)/2  T := √L + 1
 #
  
 #
  ,  #
H( $%& 
 6( 
 % &
	 t := 1..T  k := 0..Mλh
 ∀k1 θk = 0,φk = 0
	  t >
	  k >
# C2,x2 (a; τ )
# θk  φk   J1,4
 < Qp A(z)  B(z)
3	 H(z)
    C2,x2 (a; τ )  	
  N
2(L− λb + 1)2   
 N(L − λb + 1) ×N(L − λb + 1)-     N4(L − λb + 1)4
  
- *   	 

 	 0 	<
 	  

    	       	  D->!"-
  	   	
     θ  φ   T =
√L + 1 - 8   	  	     
 &   	  	
 
 
    	  
      <
 , 
	 "-    	   	
 	
          	  k  
	


	 -
$, &"  &	0	
+  
  4A      J45 45&H 
J$ ' 	 
    -     
	& <      ,  - 4   




    
  
"  
  
 

  1
w(n) =
K∑
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 	= 1
ξ0(t) = −2α3t8 − 4α2t7 − 4α3t6 − 12α2t5 − 12α2t3 + 4α3t2 − 4α2t + 2α3,
ξ1(t) = 4α6t8 + 16α5t7 − 16α6t6 + 16α5t5 − 40α6t4 − 16α5t3 − 16α6t2 − 16α5t + 4α6,
ξ2(t) = (−6α10 − 2α8 + 2α9)t8 − 4α7t7 + (−4α8 + 4α9 + 84α10)t6 − 12α7t5
−12α7t3 + (4α8 − 4α9 − 84α10)t2 − 4α7t + 6α10 − 2α9 + 2α8,
ξ3(t) = (4α15 + 8α13)t8 + (16α14 + 64α12)t7 − (16α15 + 224α13)t6 + (−448α12 + 16α14)t5
+(−40α15 + 560α13)t4 + (−16α14 + 448α12)t3 − (224α13 + 16α15)t2
−(16α14 + 64α12)t + 4α15 + 8α13,
	 Φ1(u,t)  	 Φ2(u,t)1
χ0(t) = −α2t8 + 2α3t7 − 2α2t6 + 6α3t5 + 6α3t3 + 2α2t2 + 2α3t + α2,
χ1(t) = (−4α1 + 2α4 + 2α5)t8 − 8α6t7 + (−16α1 − 8α5 + 8α4)t6 − 8α6t5
+(−24α1 − 20α5 + 12α4)t4 + 8α6t3 + (−16α1 − 8α5 + 8α4)t2 + 8α6t + 2α5
+2α4 − 4α1,
χ2(t) = (−3α7 + 3α2)t8 + (−6α9 + 18α10 + 6α8 − 6α3)t7 + (−6α7 + 6α2)t6
+(18α8 − 18α3 − 18α9 − 42α10)t5 + (−18α9 + 18α8 − 18α3 − 42α10)t3
+(6α7 − 6α2)t2 + (18α10 − 6α9 + 6α8 − 6α3)t + 3α7 − 3α2,
χ3(t) = (4α11 + 4α14 + 4α12 − 2α4 − 2α5)t8 + (−16α15 + 8α6 − 32α13)t7
+(16α11 − 112α12 − 8α4 − 16α14 + 8α5)t6 + (−16α15 + 224α13 + 8α6)t5
+(24α11 + 280α12 − 40α14 + 20α5 − 12α4)t4 + (16α15 − 224α13 − 8α6)t3
+(16α11 − 112α12 − 16α14 − 8α5 − 8α4)t2 + (16α15 + 32α13 − 8α6)t
−2α4 − 2α5 + 4α11 + 4α12 + 4α14,
χ4(t) = α7t8 + (−6α10 + 2α9 − 2α8)t7 + 2α7t6 + (−6α8 + 6α9 + 14α10)t5
+(14α10 − 6α8 + 6α9)t3 − 2α7t2 + (−6α10 + 2α9 − 2α8)t− α7,
 (>
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
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
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 
<    K(η)(α)1
α1 = K(0)(4)
α2 = 
(
K(1)(3)
)
+ 
(
K(−1)(3)
)
α3 = 
(
K(−1)(3)
)
−
(
K(1)(3)
)
α4 = K(0)(2)
α5 = 
(
K(2)(2)
)
+ 
(
K(−2)(2)
)
α6 = 
(
K(−2)(2)
)
−
(
K(2)(2)
)
α7 = 
(
K(1)(1)
)
+ 
(
K(−1)(1)
)
α8 = 
(
K(−1)(1)
)
−
(
K(1)(1)
)
α9 = 
(
K(3)(1)
)
+ 
(
K(−3)(1)
)
α10 = 
(
K(−3)(1)
)
−
(
K(3)(1)
)
α11 = K(0)(0)
α12 = 
(
K(4)(0)
)
+ 
(
K(−4)(0)
)
α13 = 
(
K(−4)(0)
)
−
(
K(4)(0)
)
α14 = 
(
K(2)(0)
)
+ 
(
K(−2)(0)
)
α15 = 
(
K(−2)(0)
)
−
(
K(2)(0)
)
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  	&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   		;  &
    H1
⎛
⎜⎝h:,1
H(1/z∗)
-
-
-
h:,n
H( 1z∗ )
⎞
⎟⎠(h:,1(z) . . . h:,n(z)) = I ♦
	 / /   /
&!( 4 
< H(z) =
∑
m H(m)z
−m
 B
HH(1/z∗) =
(∑
m
H(m)(1/z∗)−m
)
H =
∑
m
HH(m)z+m.  7- "

HH(1/z∗)H(z) =
∑
m
HH(m)z+m .
∑
n
H(n)z−n =
∑
m
∑
n
HH(m)H(n)z−(n−m)  7->"
       l = n−m1
HH(1/z∗)H(z) =
∑
l
{∑
n
HH(n− l)H(n)
}
z−l  7-!"
  	 	    
    
	  z−l ∀ l 	= 0 B1∑
m H
H(m)H(m− l) = δlI ♦
#		 / /   /
 (D
 ( &
  &
&
   &
* 
 
&!(  N 		  		

 >-D->1
∑L−1
m=0 H
H(m)H(m − l) = δlI 
l = L− 1       
 ,   1 HH(L− 1)H(0) = 0- ♦
	 / /   /
&!( ?   		

 >-D->   
 

 	 

1[∑
m
HH(m)H(m− l)
]
i,j
= δij δl  7-D"

[
∑
m H
H(m)H(m− l)]i,j =
∑
m
∑
k[H
H(m)]i,k[H(m− l)]k,j
=
∑
m
∑
k h
∗
ki(m)hkj(m− l)
♦
	 / /   /
&!( 8   H(z)  	&  
 H−1(z) = HH(1/z∗)   
    1 HH(1/z∗)H(z) = H(z)HH(1/z∗)-
4 H˜(z) = HH(1/z∗)  H˜H(1/z∗) = H(z) B
H˜H(1/z∗)H˜(z) = H(z)HH(1/z∗)
    
 	 	  H˜(z)  ,  HH(1/z∗)  	&-
4  H˜(z) = HH(z)
H˜H(1/z∗)H˜(z) = H(1/z∗)HH(z) = {H(z)HH(1/z∗)}H
= {HH(1/z∗)H(z)}H = I
  H˜(z)  ,  HH(z)  	&-
: 0 	 H˜(z) = HH(z∗) H˜H(1/z∗) = {HH(1/z)}H = H(1/z) B
H˜H(1/z∗)H˜(z) = H(1/z)HH(z∗)
= {H(z∗)HH(1/z)}H
- ? 	 	 HH(1/z∗)H(z) = I 	  z    	  	 z∗
   
 HH(1/z)H(z∗) = I    
" H(z∗)  HH(1/z)  
 H˜H(1/z∗)H˜(z) = I- ♦
#		 / /   /
 ( &
  &
&
   &
* 
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 (E
&!( H(z) 
 	&  
 	  		

 >-D-D HH(1/z∗)  
&
 	&-  N 		  		

 >-D-! ,   ∑
m
∑
k
h˜∗ki(m)h˜kj(m− l) = δij δl  7-E"
 h˜ij(m) = h∗ji(−m) B ∑
m
∑
k
hik(−m)h∗jk(l −m) = δij δl  7-'"
       n = l −m 1∑
n
∑
k
hik(n− l)h∗jk(n) = δij δl  7-)"
♦
	 / /  /
&!(  N   
∑
k |hkj(m)|2 = ||h:,j(m)||2  		  		


>-D-!    i = j  l = 01 ∑
m
∑
k
h∗kj(m)hkj(m) = 1  7-H"
♦
	 / /?  /
&!(  N 		  		

 >-D-!    i 	= j  l = 01∑
m
(
∑
k
h∗ki(m)hkj(m)) = 0 =
∑
m
h:,i
H(m)h:,j(m)  7-G"
♦
#		 / /  /
&!(  N   		  
   >-D->- ♦
	 / /!  /
&!( H(z) 
    h:,1(z) =
⎛
⎜⎜⎜⎝
h11(z)
0
-
-
-
0
⎞
⎟⎟⎟⎠- H(z) 
 	 
 
<  		

 >-D-  B h:,1
H( 1z∗ )h:,j(z) = δ1j   h
∗
11(1/z
∗)h1j(z) = δ1j -
 ('
 ( &
  &
&
   &
* 
 
h11(z) 
 
     h1j(z) = 0, ∀j 	= 1- 8 	
 	 
&
    		

 

- ♦
	 / /$  /
&!(  H(z)  	& 
  HH(1/z∗)H(z) = I B
HH(1/z∗) H(z) = 1
  HH(1/z∗) = {H(1/z∗)}∗  H(z) . H(1/z∗)∗ = 1  ,  H(z)
 	&- ♦
#		 / /  /
&!( :	  		

 	

 H(z) . H(1/z∗)∗ = 1   


 	   	 	   	 	= @
- ♦
	 / /  /
&!( H(0) 
    >-D- "     v    
vTH(0) = 0- ?    v 
  
(
sin θN cos θN
)
H(0) = 0-
 QN    F 
 ,  θN    QN
T
   
 QN       
(
sin θN cos θN
)
-
* QN
TH(z) =
(
cos θN − sin θN
sin θN cos θN
)
(H(0) + H(1)z−1 + · · · + H(L − 1)z−L+1) =(× ×
0 0
)
+QN TH(1)z−1+. . .QN T+H(L−1)z−L−1     	 	 
  
   	 	1 QN
TH(z) =
(
G0(z)
z−1G1(z)
)
 G0(z)  G1(z)  &
  	  
 L−1  L−2- ? 

 QN TH(z) =
(
1 0
0 z−1
)(
G0(z)
G1(z)
)

  	 QN
TH(z) = Z(z)HN−1(z)- ?    HN−1(z)  	&
   HN−1T(z−1)HN−1(z)-
H(z) 
 	&   detH(z) = βz−N - ? HN−1(z) = Z−1(z)QN TH(z) B
detHN−1(z) = z detH(z) = βz−(N−1)- 8       
 

  
  
-
? 
   	  HN−1(z)    < H0(z)  
detH0(z) = β  "  H0(z) A% 	&     	 0 
   -       
  

  	  H0(z) = αQ0
(
1 0
0 ±1
)
 Q0    α = ±β- ♦
 ( &
  &
&
   &
* 
 
 ()
2 / /  ?/
&!(  u =
(
r1e
jα1
r2e
jα2
)
  r1  r2 	   	 - ?
	 cos θ = r1√
r21+r
2
2
 sin θ = r2√
r21+r
2
2
  r1  r2 	 ⇒ θ ∈ [0,π2 ]" B
u =
√
r21 + r
2
2e
jα1
(
cos θ
ej(α2−α1) sin θ
)
= ρejψ
(
cos θ
ejϕ sin θ
)
 B ρ     - ♦
	 / /)  ?/
&!( uH1 u2 = 0 ⇔ ρ1ρ2ej(ψ2−ψ1)(cos θ1 cos θ2+ej(ϕ2−ϕ1) sin θ1 sin θ2) = 0  ej(ϕ2−ϕ1) =
− cos θ1 cos θ2sin θ1 sin θ2 -        
 
      	 &
	 cos θi  sin θi 
 
 	   
  ej(ϕ2−ϕ1) = −1  cos θ1 cos θ2 =
sin θ1 sin θ2  ϕ2−ϕ1 = π [2π]  tan θ1 = 1θ2 ⇔ θ1 = π2 −θ2  	 	 θi ∈ [0,π2 ]-♦
	 / /  ?/
&!(  U = (u1|u2) U  ⇔ UHU = I ⇔ u1  u2  
-  
0   	

   ρ1 = ρ2 = 1 
U =
(
ejψ1 cos θ1 ejψ2 cos θ2
ej(ψ1+ϕ1) sin θ1 ej(ψ2+ϕ2) sin θ2
)
.
* θ1 + θ2 = π2  ϕ2 − ϕ1 = π
U =
(
ejψ1 cos θ1 ejψ2 sin θ1
ej(ψ1+ϕ1) sin θ1 ej(ψ2+ϕ1+π) cos θ1
)
= ejψ1
(
cos θ1 −e−jϕ1 sin θ1
ejϕ1 sin θ1 cos θ1
)(
1 0
0 −ej(ψ2−ψ1)ejϕ1
)
ϕ1,ψ1,ψ2 
  α  - ♦
	 / /  ?/
&!( H(0) 
    >-D- "     v    
vHH(0) = 0- ?    v 
  
(
e−jϕN sin θN cos θN
)
H(0) = 0
 QN    F 
 ,  θN    QN
H
   
 QN       
(
e−jϕN sin θN cos θN
)
-
* QN
HH(z) =
(
cos θN −ejϕN sin θN
e−jϕN sin θN cos θN
)
(H(0) + H(1)z−1 + · · · + H(L −
1)z−L+1) =
(× ×
0 0
)
+ QN HH(1)z−1 + . . .QN H + H(L − 1)z−L+1    
 (H
 ( &
  &
&
   &
* 
 
	 	    
   	 	1 QN
HH(z) =
(
G0(z)
z−1G1(z)
)
 G0(z)
 G1(z)    	  
 L − 2  L − 1- ? 

 QN HH(z) =(
1 0
0 z−1
)(
G0(z)
G1(z)
)
   	 QN
HH(z) = Z(z)HN−1(z)- ?   
HN−1(z)  	   HN−1H(1/z∗)HN−1(z)-
H(z) 
 	&   detH(z) = βz−N - ? HN−1(z) = Z−1(z)QN HH(z) B
detHN−1(z) = z detH(z) = βz−(N−1)- 8       
 

  
  
-
? 
   	  HN−1(z)    < H0(z)  
detH0(z) = β  "-  H0(z)  	       &
   	     H−1(z)   
 
βz    	     H0(z)      	
  	&   - :	  		

 >-D-    	  
H0(z) = αQ0
(
1 0
0 ejα0
)
 Q0    F  α = βe−jα0 ♦
 
!  &	 K 
$	  

 .")  K
  *-   *-> 	  N K(η)(α)   4A- : 
  N  
<       an  qn   D->("
∀n  ∀τi- 4 	 K(0)(4) 	 ,  1
K(0)(4) =
∑
q
∑
τ
Aiq1(τ1)A
∗
iq2(τ2)Aiq3(τ3)A
∗
iq4(τ4)C
2,x
2 [q; τ ].  *- "
B   a  
   q  ,  a1 = q1, a2 = q2, a3 = q3, a4 = q4- 
 1
K(2β+α−4)(α) ⇒
∑
τ
Aiq1(τ1)A
∗
iq2(τ2)Aiq3(τ3)A
∗
iq4(τ4)C
2,x
2 [a,τ ]  *->"
 (  ""
+ 	 
  	
     4A   
 T ∈ CN4×N4    N K- *      
1
T
def=
∑
τ ,i
f i(τ )d(τ )
T.  *-!"
B   f  d  
< 	 N = 2 	1
  (
 $( $$  $$  K  <
 % &
f i(τ ) =
⎡
⎢⎢⎢⎢⎢⎣
f1111i (τ1,τ2,τ3,τ4)
f1112i (τ1,τ2,τ3,τ4)
f1121i (τ1,τ2,τ3,τ4)
-
-
-
f2222i (τ1,τ2,τ3,τ4)
⎤
⎥⎥⎥⎥⎥⎦   d(τ ) =
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣
C2,x2 [1,1,1,1,τ ]
C2,x2 [1,1,1,2,τ ]
C2,x2 [1,2,1,1,τ ]
-
-
-
C2,x2 [2,2,2,2,τ ]
⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
,
 f q1q2q3q4i (τ1,τ2,τ3,τ4) = Aiq1(τ1)A
∗
iq2
(τ2)Aiq3(τ3)A
∗
iq4
(τ4)-
 	      T ∈ C16×16-    
N8 = 256    D- ) 	- ))"   L4  16 × 16- 8 T 
 *-   *->    N K    

  
 T - : 	   

   f i(τ )  d(τ )   0 
 ,  q1 ≡ a1,q2 ≡ a2,q3 ≡ a3,q4 ≡ a4  	     	
  -   
      N4-
$(5(  %  $$
   
K(0)(4) q1 = a1, q2 = a2, q3 = a3, q4 = a4
K(1)(3)
q1 = a1, q2 = a2, q3 = a3, q4 = 2, a4 = 1
q1 = a1, q2 = a2, q3 = 1, a3 = 2, q4 = a4
q1 = a1, q2 = 2, a2 = 1, q3 = a3, q4 = a4
q1 = 1, a1 = 2, q2 = a2, q3 = a3, q4 = a4
K(−1)(3)
q1 = a1, q2 = a2, q3 = a3, q4 = 1, a4 = 2
q1 = a1, q2 = a2, q3 = 2, a3 = 1, q4 = a4
q1 = a1, q2 = 1, a2 = 2, q3 = a3, q4 = a4
q1 = 2, a1 = 1, q2 = a2, q3 = a3, q4 = a4
K(0)(2)
q1 = a1, q2 = a2, q3 = 1, a3 = 2, q4 = 1, a4 = 2
q1 = a1, q2 = a2, q3 = 2, a3 = 1, q4 = 2, a4 = 1
q1 = a1, q2 = 2, a2 = 1, q3 = a3, q4 = 1, a4 = 2
q1 = a1, q2 = 1, a2 = 2, q3 = a3, q4 = 2, a4 = 1
q1 = a1, q2 = 2, a2 = 1, q3 = 2, a3 = 1, q4 = a4
q1 = a1, q2 = 1, a2 = 2, q3 = 1, a3 = 2, q4 = a4
q1 = 1, a1 = 2, q2 = 1, a2 = 2, q3 = a3, q4 = a4
q1 = 2, a1 = 1, q2 = 2, a2 = 1, q3 = a3, q4 = a4
q1 = 1, a1 = 2, q2 = a2, q3 = a3, q4 = 1, a4 = 2
q1 = 2, a1 = 1, q2 = a2, q3 = a3, q4 = 2, a4 = 1
q1 = 2, a1 = 1, q2 = a2, q3 = 1, a3 = 2, q4 = a4
q1 = 1, a1 = 2, q2 = a2, q3 = 2, a3 = 1, q4 = a4
K(2)(2)
q1 = a1, q2 = a2, q3 = 1, a3 = 2, q4 = 2, a4 = 1
q1 = a1, q2 = 2, a2 = 1, q3 = a3, q4 = 2, a4 = 1
q1 = a1, q2 = 2, a2 = 1, q3 = 1, a3 = 2, q4 = a4
q1 = 1, a1 = 2, q2 = a2, q3 = a3, q4 = 2, a4 = 1
q1 = 1, a1 = 2, q2 = 2, a2 = 1, q3 = a3, q4 = a4
q1 = 1, a1 = 2, q2 = a2, q3 = 1, a3 = 2, q4 = a4
K(−2)(2)
q1 = a1, q2 = a2, q3 = 2, a3 = 1, q4 = 1, a4 = 2
q1 = a1, q2 = 1, a2 = 2, q3 = a3, q4 = 1, a4 = 2
q1 = a1, q2 = 1, a2 = 2, q3 = 2, a3 = 1, q4 = a4
q1 = 2, a1 = 1, q2 = a2, q3 = a3, q4 = 1, a4 = 2
q1 = 2, a1 = 1, q2 = 1, a2 = 2, q3 = a3, q4 = a4
q1 = 2, a1 = 1, q2 = a2, q3 = 2, a3 = 1, q4 = a4
K(3)(1)
q1 = a1, q2 = 2, a2 = 1, q3 = 1, a3 = 2, q4 = 2, a4 = 1
q1 = 1, a1 = 2, q2 = a2, q3 = 1, a3 = 2, q4 = 2, a4 = 1
q1 = 1, a1 = 2, q2 = 2, a2 = 1, q3 = a3, q4 = 2, a4 = 1
q1 = 1, a1 = 2, q2 = 2, a2 = 1, q3 = 1, a3 = 2, q4 = a4
K(−3)(1)
q1 = a1, q2 = 1, a2 = 2, q3 = 2, a3 = 1, q4 = 1, a4 = 2
q1 = 2, a1 = 1, q2 = a2, q3 = 2, a3 = 1, q4 = 1, a4 = 2
q1 = 2, a1 = 1, q2 = 1, a2 = 2, q3 = a3, q4 = 1, a4 = 2
q1 = 2, a1 = 1, q2 = 1, a2 = 2, q3 = 2, a3 = 1, q4 = a4
 *-  S #.  " K(2β+α−4)(α) 8'> . 9(
  >
 $( $$  $$  K  <
 % &
K(1)(1)
q1 = a1, q2 = 2, a2 = 1, q3 = 2, a3 = 1, q4 = 2, a4 = 1
q1 = a1, q2 = 1, a2 = 2, q3 = 1, a3 = 2, q4 = 2, a4 = 1
q1 = a1, q2 = 2, a2 = 1, q3 = 1, a3 = 2, q4 = 1, a4 = 2
q1 = 1, a1 = 2, q2 = a2, q3 = 2, a3 = 1, q4 = 2, a4 = 1
q1 = 1, a1 = 2, q2 = a2, q3 = 1, a3 = 2, q4 = 1, a4 = 2
q1 = 2, a1 = 1, q2 = a2, q3 = 1, a3 = 2, q4 = 2, a4 = 1
q1 = 1, a1 = 2, q2 = 1, a2 = 2, q3 = a3, q4 = 2, a4 = 1
q1 = 1, a1 = 2, q2 = 2, a2 = 1, q3 = a3, q4 = 1, a4 = 2
q1 = 2, a1 = 1, q2 = 2, a2 = 1, q3 = a3, q4 = 2, a4 = 1
q1 = 1, a1 = 2, q2 = 2, a2 = 1, q3 = 2, a3 = 1, q4 = a4
q1 = 1, a1 = 2, q2 = 1, a2 = 2, q3 = 1, a3 = 2, q4 = a4
q1 = 2, a1 = 1, q2 = 2, a2 = 1, q3 = 1, a3 = 2, q4 = a4
K(−1)(1)
q1 = a1, q2 = 2, a2 = 1, q3 = 2, a3 = 1, q4 = 1, a4 = 2
q1 = a1, q2 = 1, a2 = 2, q3 = 1, a3 = 2, q4 = 1, a4 = 2
q1 = a1, q2 = 1, a2 = 2, q3 = 2, a3 = 1, q4 = 2, a4 = 1
q1 = 1, a1 = 2, q2 = a2, q3 = 2, a3 = 1, q4 = 1, a4 = 2
q1 = 2, a1 = 1, q2 = a2, q3 = 2, a3 = 1, q4 = 2, a4 = 1
q1 = 2, a1 = 1, q2 = a2, q3 = 1, a3 = 2, q4 = 1, a4 = 2
q1 = 1, a1 = 2, q2 = 1, a2 = 2, q3 = a3, q4 = 1, a4 = 2
q1 = 2, a1 = 1, q2 = 1, a2 = 2, q3 = a3, q4 = 2, a4 = 1
q1 = 2, a1 = 1, q2 = 2, a2 = 1, q3 = a3, q4 = 1, a4 = 2
q1 = 1, a1 = 2, q2 = 1, a2 = 2, q3 = 2, a3 = 1, q4 = a4
q1 = 2, a1 = 1, q2 = 2, a2 = 1, q3 = 2, a3 = 1, q4 = a4
q1 = 2, a1 = 1, q2 = 1, a2 = 2, q3 = 1, a3 = 2, q4 = a4
K(2)(0)
q1 = 1, a1 = 2, q2 = 2, a2 = 1, q3 = 1, a3 = 2, q4 = 1, a4 = 2
q1 = 1, a1 = 2, q2 = 2, a2 = 1, q3 = 2, a3 = 1, q4 = 2, a4 = 1
q1 = 1, a1 = 2, q2 = 1, a2 = 2, q3 = 1, a3 = 2, q4 = 2, a4 = 1
q1 = 2, a1 = 1, q2 = 2, a2 = 1, q3 = 1, a3 = 2, q4 = 2, a4 = 1
K(−2)(0)
q1 = 2, a1 = 1, q2 = 1, a2 = 2, q3 = 2, a3 = 1, q4 = 2, a4 = 1
q1 = 2, a1 = 1, q2 = 1, a2 = 2, q3 = 2, a3 = 1, q4 = 1, a4 = 2
q1 = 2, a1 = 1, q2 = 2, a2 = 1, q3 = 2, a3 = 1, q4 = 1, a4 = 2
q1 = 1, a1 = 2, q2 = 1, a2 = 2, q3 = 2, a3 = 1, q4 = 1, a4 = 2
K(0)(0)
q1 = 1, a1 = 2, q2 = 1, a2 = 2, q3 = 1, a3 = 2, q4 = 1, a4 = 2
q1 = 1, a1 = 2, q2 = 2, a2 = 1, q3 = 2, a3 = 1, q4 = 1, a4 = 2
q1 = 1, a1 = 2, q2 = 1, a2 = 2, q3 = 2, a3 = 1, q4 = 2, a4 = 1
q1 = 2, a1 = 1, q2 = 2, a2 = 1, q3 = 1, a3 = 2, q4 = 1, a4 = 2
q1 = 2, a1 = 1, q2 = 1, a2 = 2, q3 = 1, a3 = 2, q4 = 2, a4 = 1
q1 = 2, a1 = 1, q2 = 2, a2 = 1, q3 = 2, a3 = 1, q4 = 2, a4 = 1
K(4)(0) q1 = 1, a1 = 2, q2 = 2, a2 = 1, q3 = 1, a3 = 2, q4 = 2, a4 = 1
K(−4)(0) q1 = 2, a1 = 1, q2 = 1, a2 = 2, q3 = 2, a3 = 1, q4 = 1, a4 = 2
 *-> S #.  " K(2β+α−4)(α) 85> . 9
 
	  
.
 3)  [4]
J 22 =
∑
b,β
| cos2 θMii + cos θ sin θe−jψMji + cos θ sin θejψMij + sin2 θMjj |2
+| sin2 θMii − cos θ sin θe−jψMji − cos θ sin θejψMij + cos2 θMjj |2,
 :- "
. +)5"  6%78
{αkejψk} = {αk} cosψk −{αk} sinψk,  :->"
{γke2jψk} = {γk} cos 2ψk −{γk} sin 2ψk,  :-!"
cos4 θk + sin4 θk = cos2 2θk +
1
2
sin2 2θk,  :-D"
4 sin2 θk cos2 θk = sin2 2θk,  :-E"
4 cos θk sin3 θk = (1− cos 2θk) sin 2θk,  :-'"
4 cos3 θk sin θk = (1 + cos 2θk) sin 2θk,  :-)"
2(cos3 θk sin θk − cos θk sin3 θk) = cos 2θk sin 2θk.  :-H"
  D
 (    &3
. +)5"  6%78
cos2 ψk + sin2 ψk = 1  :-G"
cos2 ψk − sin2 ψk = cos 2ψk  :- ("
2 cosψk sinψk = sin 2ψk  :-  "
.$ 3)  Px(t)
P4(t) = 2{α2}t4 + 4{α2}t3 + 4{α2}t− 2{α2}  :- >"
P3(t) = (4|Mjj(k)|2 − 2Λ3 − 4{γ})t4 − 16{γ}t3
+(8|Mjj(k)|2 − 4Λ3 + 24{γ})t2 + 16{γ}t
+4|Mjj(k)|2 − 2Λ3 − 4{γ}  :- !"
P2(t) = (6{α1} − 6{α2})t4 + (−12{α2}+ 12{α1})t3
+(−12{α2}+ 12{α1})t + (6{α2} − 6{α1})  :- D"
P1(t) = (2Λ3 + 4{γ} − 4|Mii(k)|2t4 + 16{γ}t3
+(4Λ3 − 8|Mii(k)|2 − 24{γ})t2 − 16{γ}t
+2Λ3 + 4{γ} − 4|Mii(k)|2  :- E"
P0(t) = −2{α1}t4 − 4{α1}t3 − 4{α1}t + 2{α1}  :- '"
.% 3)  Qx(t)
Q2(t) = 4{α2}t4 − 8{α2}t3 − 8{α2}t− 4{α2}  :- )"
Q1(t) = −8{γ}t4 + 32{γ}t3 + 48{γ}t2 − 32{γ}t− 8{γ}  :- H"
Q0(t) = 4{α1}t4 − 8{α1}t3 − 8{α1}t− 4{α1}  :- G"
(M(  
   @ 

  E
., .  +'
det(W ) = P4(t)2Q0(t)4 + Q0(t)3P3(t)2Q2(t)−Q0(t)3P4(t)Q1(t)P3(t)
−2Q0(t)3P4(t)Q2(t)P2(t)−Q0(t)2P3(t)Q2(t)Q1(t)P2(t)
+2Q0(t)2P4(t)Q2(t)2P0(t) + 3Q0(t)2P4(t)Q2(t)Q1(t)P1(t)
+Q0(t)2Q2(t)2P2(t)2 − 2Q0(t)2P3(t)Q2(t)2P1(t)
+Q0(t)2P4(t)Q1(t)2P2(t)−Q0(t)Q1(t)P2(t)Q2(t)2P1(t)
+Q0(t)Q2(t)3P1(t)2 − 2Q0(t)Q2(t)3P2(t)P0(t)
+3Q0(t)P3(t)Q2(t)2P0(t)Q1(t) + Q0(t)P3(t)Q2(t)Q1(t)2P1(t)
−4Q0(t)P4(t)Q2(t)Q1(t)2P0(t)−Q0(t)P4(t)Q1(t)3P1(t)
−Q2(t)3P1(t)P0(t)Q1(t) + Q1(t)2P2(t)Q2(t)2P0(t)
+Q2(t)4P0(t)2 − P3(t)Q2(t)Q1(t)3P0(t)
+P4(t)Q1(t)4P0(t)  :->("
  '
 (    &3

&%
  )
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